We study the non relativistic limit of a Model of Fermions interacting through a Chern-Simons Field, from a perspective that resembles the Wilson's Renormalization Group approach, instead of the more usual approach found in most texts of Field Theory. The solution of some difficulties, and a new understanding of non relativistic models is given. 
quartic self interaction and minimally interacting with a Chern-Simons field A µ :
The only primitively divergent Green Function is the boson four point function. Up to one loop, the model can be made finite by the choice of a renormalized coupling constant λ through the equation;
where Λ is an ultraviolet (UV) cut-off and M an arbitrary constant (the renormalization constant) with dimension of mass. Their main observation is that at the critical value,
|, the one loop contribution vanishes and no renormalization of λ is needed. At this choice of λ the model regains the scale invariance that it has at classical level, and the relative wave function of the two bosons reproduces the Aharonov-Bohm scattering amplitude [8] up two the second Bohr order. The model of non relativistic fermions interacting with the Chern-Simons field was also discussed in [2] and studied in more details in [3] . In this last paper it is shown that the one loop scattering of two fermions with spins of the same sign (in 2+1 dimension the spin is a pseudo-scalar) is finite in one loop, due to the contact interaction represented by the Pauli interaction, that is already present in the minimal interaction of the fermions with the gauge field. As for the scattering of two fermions of opposite spins the Pauli interaction does not have any role and the amplitude is divergent unless a quartic fermionic interaction of the form c(Λ) ψ * ψ φ * φ where ψ and φ represent respectively fermions with spin plus and minus 1/2, and c is a constant that depends logarithmically on the UV cut off Λ. This last fact poses a new problem. If the non relativistic model is thought to be the low energy limit of a more fundamental model of relativistic Dirac fermions interacting with a Chern-Simons field, in the way that this limit is generally taken in most texts [9] , it would come from a similar quartic interaction in the relativistic fermions. As is well known one such interaction is non renormalizable! We will show that this is, in fact, a false problem. No quartic non renormalizable self interaction is needed in the "parent" relativistic model if a new perspective on the non relativistic limit in field theory is taken. Before going to the description of this new limit, lets us briefly resume, in an example, the "Classical Non Relativistic Limit", and discuss why it is not always correct. Let us consider, in 2+1 dimension, a 2 component Dirac fermion field Ψ, that represents a spin plus fermion and its anti-fermion, interacting with an external electromagnetic field A µ , as described by the Lagrangian density (the gamma matrices are γ 0 .
the Pauli matrices)
The corresponding equation of motion is:
Let us now consider a positive energy solution Ψ of this equation.To make contact with the non relativistic description,in which, the rest energy m of the particles is not included in the solution,let us make in the above equation of motion ,the substitution
The result is:
where Π ± = Π 1 ± Π 2 , and
If we make the assumptions that: e|A 0 | << m and that the momentum space components of ψ and χ are non null only for low momenta and energies, (| p|, E) << m , then the second equation can be approximately solved for χ , and inserted in the first one, giving: 
The essential facts behind the above non relativistic limit are the assumptions on the strength of A µ and the momentum space support of the field Ψ (the second assumption is not meaningfull without the first, since a low energy initial state of Ψ can be driven to a relativistic state by the action of a strong A µ field ). Suppose now that A µ is not an external, controllable field, but is a dynamical field with dynamics given by a Maxwell or Chern-Simons term (that must be thought as added to the Lagrangian (3)). Let us consider in this theory, the scattering of two low energy fermions, their energy and momenta given by
, ± p with | p| << m . On the right side of Figure 1 we draw a possible one loop contribution (among others) to this process. The corresponding amplitude is given by a Feynman integral in the loop momentum k µ :
The main observation on this equation is that, even if the process we are treating is a low energy one, the amplitude receives contributions of high energy intermediate states, represented by propagators whose dynamics is essentially relativistic, and so, not coming from the Feynman rules of the non relativistic Lagrangian (9) . The bigger or lower suppression of the contribution of these high energy states depend on the dynamics of the exchanged A µ field. As we will explicitly see in one example below, for the Chern-Simons field, they effectively give a contribution that can not be understood as coming from the non relativistic Lagrangian (9) . What about the description of this same process starting from the non relativistic theory given by (9)? The amplitude for the same process of figure 1 is of the
where now p 0 = | p| 2 /2m. Here also, the integral extends up to infinity momenta. High with the newtonian description provided by the PS propagator. This is also a view taken by some authors in optics ( [11] ). There, the typical energy involved in the scattering processes are of the order of the ionization energy of the atoms, α 2 m, where α is the fine structure constant and m is the electron mass. The cut off assumed is Λ = α m, the inverse of the Bohr radius of the atom, much bigger than the typical energies involved in the scattering processes, and much smaller than the rest energy, m of the electron.
We will take a slight variation of these ideas, suited for understanding the results on non relativistic models with a CS field in the Coulomb Gauge, as treated in the literature [2, 3] .
We will consider a non relativistic cutoff, only in the spatial momentum k, of the Feynman integrals; that is, we will calculate the Feynman integrals,firstly freely integrating the k 0 momentum component up to infinity, and then restricting the integration in | k| to the region (0 , Λ) with Λ chosen so that | p| << Λ << m, where p is a characteristic momentum of the low energy process in which of interest, and m is the mass of the fermion field. This choice has the additional technical advantage of not breaking the locality in the time direction. The way, we are proposing, that these cut off non relativistic models are related to originally relativistic ones, is akin to the ideas of the Renormalization Group of Wilson [12] . We will first outline the main ideas in a toy model.
Lets us consider a relativistic field theory in 1 space-time dimension, with dynamics given by a Lagrangian L rel (Φ). Its functional generator is given by
where j is an external source, and DΦ(p) . = ∞ 0 dΦ(p). Suppose that we are only interested in describing "non relativistic"processes involving external particles with momenta p smaller than a certain value Λ << m, where m is the mass of the field Φ. This limitation can be implemented in the functional generator by choosing the external source to be non null only for the momentum region (0 , Λ). The Φ field can be separated in Φ(p) = φ(p) +φ(p) where
and j Φ gets reduced to j φ. The functional generator becomes
and can be written in the form
where
The effects of the high momenta modesφ are incorporated in the effective dynamic of the low resulting in an Effective Lagrangian L ef f ect that is dependent on Λ.
Let us now return to the models that we want to treat in 2+1 dimensions. We will start with the relativistic Lagrangian
where Ψ (Φ) is a 2 component Dirac field representing a fermion and anti fermion of spin plus (minus). In the Coulomb Gauge, the CS propagator is (indices µ, ν, . . . runs from 0 to 2 and indices i, j, . . . runs over 1 and 2)
and will be represented by a wavy line. The Dirac propagators of the relativistic fermions will be represented by double straight lines. Through the same steps that led (2) to (7) we get the Classical Non Relativistic limit of this model
where ψ (φ) are anti commuting one-component fields representing a spin plus(minus)
fermion. The fermionic PS propagator will be represented by a single straight line. This model has several different vertices : 
In the low momenta part, both | p| and | k| are smaller than Λ << m, and we can safely make the approximation w( q) = m + In the Coulomb Gauge it was obtained in [6, 7] . The results, separating the contributions of the low (first bracket) and of the high (second bracket) intermediate momenta contributions
are respectively
As indicated in these formulas, all the contributions to these functions come from the high momenta intermediate states. In fact it is well known that these same functions are zero when calculated in the classical non relativistic model( [2] ). As consequence the whole contribution to these functions, come only from the high momenta intermediate states and
are independent of the cut off Λ. The effects of these terms in correcting the low energy dynamics of the fermions and the CS field are simulated by adding to the Lagrangian (19) the terms
From (25) and (19) we see that the CS field becomes a dynamical propagating field, the so called Maxwell-Chern-Simons field ( [1] ). We can also see that the magnetic momenta of the spin plus and minus fermions are corrected to ( [7] )
(these results where obtained previously in the literature in covariant gauges( [13])).
Let us now look at the elastic scattering of two low energy fermions. For simplicity we , − p ) and the outgoing fermions have
The amplitude is a function of | p| and the angle between p and p ′ . We prefer to write it in terms of p and the two vectors s . = p + p ′ and q . = p ′ − p. In Figure 5 are shown the non null graphs contributing to this process. can be written
The calculation of the magnetic moment of the fermions, the propagator of the (Maxwell)
Chern-Simons, and of the low energy scattering of two fermions, in this theory, using a cut off Λ (up to one loop), give the same results as the calculation of the same quantities starting from the Relativistic Model (16). For example, the amplitude of scattering of one spin plus and one spin minus fermion ( the sum of the two rows in equation (27) 
These results exemplify our main point: taking the non relativistic limit in the Lagrangian and equations of motion (Classical Non Relativistic Limit) and then calculating a process gives in general, a result different than, first calculating the same process in the relativistic theory and later taking the non relativistic limit of the result.
To finish this talk I will turn to the problem that motivated this study: the finite result for A class nonrel got in ( [2] ) for the scattering of two bosons and its extension ( [3] ) to the scattering of two spin plus fermions (we will think that the two fermions are not identical and we don't need to anti symmetrize the amplitude with respect to the outgoing particles).
The non null graphs contributing to this process are the same of figure 5 . The result is
Graph 5a = 
The unexpected fact that this last result is finite, independent of Λ, is in the literature ( • Figure 2 . fermion self energy.
• Figure 3 . Contributions ( in the Coulomb Gauge) to the scattering of a fermion by an external field A µ ext . The action of the external field is represented by a cross.
• Figure 4 . Example of a one loop graph contributing to the scattering of two fermions.
• Figure 5 . Non null graphs contributing to the scattering of two Dirac fermions. On the right of the diagrams are represented the correspondent graphs in the classical non relativistic model.
